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ABSTRACT 

We calculate the interaction potential between widely separated D-branes in 
PP-wave backgrounds in string theory as well as in low-energy supergravity. Time- 
like and spacelike orientations are qualitatively different but in both cases the ef- 
fective brane tensions and RR charges take the same values as in Minkowski space 
in accordance with the expectations from the sigma model perturbation theory. 
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1 Introduction 



In this note, wc study the charges and tensions of Dirichlet branes and orientifold 
planes in plane wave backgrounds [7, 8, 9, 10]. In a general curved spacetime, the 
effective brane tension that is measured from the interaction energy of two widely 
separated branes is expected to receive a' corrections. Prom the point of view 
of sigma model perturbation theory, these corrections will be governed by the a' 
corrections to the low energy DBI action and will be given in terms of invariants 
constructed from the background curvature, field strengths, and the geometric data 
of the D- brane embedding [4]. Typically, one would also expect corrections that 
are nonperturbative in a' . Prom the point of view of the boundary conformal field 
theory, the tension of a D-brane is related to the regularized dimension of the state 
space of the CFT [5]. When formulating string theory in a curved background, 
it is an important consistency check whether the Dirac quantization condition[2] 
for the RR charges is satisfied (see [6] for a discussion in the case of branes in 
group manifolds). The pp-wave background provides another simple example of 
a background with a nontrivial metric and Ramond-Ramond fields where exact 
worldsheet computation of the D-brane interaction energy is possible. 

We find that the brane tensions for half-BPS D-branes in pp-wave backgrounds 
are identical to their values in Minkowski space. This nonrenormalization is in 
accordance with the expectation based on the symmetry and the geometry of the 
plane wave background but the reasons are different for 'time-like' branes that are 
longitudinal to the light-cone directions x"*", x~ and for 'space-like' branes that are 
transverse to the light-cone directions. 

Time-like branes have translation invariance along x~ which implies that the 
D-brane interacts only with those closed string states that have vanishing p_. Por 
these modes, the metric reduces to the Minkowski metric and the background 
appears fiat. Note that this holds for the full interaction potential and not only 
for widely separated branes. In other words, the one point functions of all closed 
string modes and not just the massless ones are the same as in Minkowski space. 
The same result holds for orientifold planes and their interactions with D-branes. 
It follows that for general oricntifolds of the pp-wave background, the orientifold 
gauge group is the same as in flat space (a particular case was worked out in [24]). 

Space-like branes are not translationally invariant along the light- cone direc- 
tions. In this case, the nonrenormalization follows instead from the special prop- 
erties of the pp-wave geometry and the fact that the half-BPS branes that we con- 
sider here are totally geodesic [11]. In the pp-wave background, all local coordinate 
invariants constructed out of the background flelds vanish. This is essentially be- 
cause the only nonvanishing components of the background fields have a lower _|_ 
index and there is no g'^^ to contract them. Furthermore, for embeddings that are 
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totally geodesic, the second fundamental form vanishes. Using the Gauss-Codazzi 
equations one can then conclude that all local invariants constructed using the 
background fields and the embedding geometry also vanish. Hence all a' correc- 
tions to charge and tension are expected to vanish in this background. This can 
be checked explicitly to leading order in ot using the corrections to the DBl action 
worked out in [3, 4] and is expected to be true to all orders. Note that this argu- 
ment depends on supersymmetry somewhat indirectly and only to the extent that 
the embedding of the worldvolume of these branes is required to be totally geodesic 
in order to preserve half the supersymmetries. Even if the corrections vanish to all 
order in a', there remains the possibility of corrections that are nonperturbative in 
a', but the plane wave geometry is topologically trivial and we do not expect any 
instanton corrections. It is neverthless important to verify this expectation by an 
explicit worldsheet computation because the pp-wave background is not a small 
deformation of Minkowski space in any sense. It is not asymptotically fiat and one 
cannot smoothly interpolate between fiat space and the pp-wave by varying a pa- 
rameter. The dimensionful parameter \x that is often introduced can be absorbed 
in a coordinate redefinition and is not a physical parameter of the background. An 
exact worldsheet computation is therefore desirable to compare the brane tensions 
in these completely different backgrounds. 

We compute the interaction potentials between a pair of branes and a brane and 
an anti-brane in the pp-wave limit of AdSf, x Sf, (henceforth denoted by PP\q) and 
AdSz X S3X R'^ (henceforth denoted by PPq x i?^) . Strings moving in these back- 
grounds can be quantized in the light-cone Green-Schwarz formalism [12, 13]. D- 
branes in these backgrounds have been constructed in [14, 16, 15, 17, 18, 19, 11, 20] 
and aspects of their interactions were discussed in [21, 22, 23]. The branes we 
consider here all preserve half of the kinematical and half of the dynamical super- 
symmetries and can be either spacelike or timelike. We calculate the contribution 
from the exchange of masssless supergravity modes from the low energy super- 
gravity and DBI action and find that it agrees with the string result to all orders 
in the parameter /i provided that the charges and tensions take the same values 
as in Minkowski space-*^. In agreement with [21], we find that the force between 
two parallel spacehke D-branes in PPio does not vanish. For spacehke branes in 
PPq X however, the brane-brane potential is zero. This can be understood from 
the fermionic zero modes in the open string description. 

The computation of interaction energy is of interest also from the point of view 
of the dual gauge theory. In the dual description, a single D-brane corresponds to 
a defect conformal field theory (dCFT) [26, 27, 28, 29, 30, 31, 32]. The interaction 
energy between two D-branes is expected to correspond to the Casimir energy be- 

^In [22], a calculation to leading order in /x was performed for the D-instanton in PPiq . 
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tween the two defects. The precise value of the interaction energy from the string 
computation thus gives a prediction for the corresponding quantity in the dual the- 
ory. Factorizing the string cylinder diagram in the closed string channel gives one 
point functions of off-shell closed string states emitted from the D-branc. These 
correspond to one-point functions of various ambient operators in the dCFT. It 
would be interesting to compare some of these predictions by a gauge theory com- 
putation. For timelike branes, the vanishing of the one point functions for closed 
string states with nonzero p_ corresponds to the vanishing of one point functions of 
ambient gauge theory operators with nonzero J charge as a consequence of conser- 
vation of J charge in the dCFT. To compare with the nonzero tadpoles of offshell 
gravitons with vanishing p_ however would require a nontrivial computation in the 
dCFT and we leave this problem for future work. 

This note is organized as follows. Space-like branes are discussed in sections §2 
and §3 and time-like branes arc discussed in §4. The details of the supergravity 
calculation of the massless exchanges are given in appendix A. The supergravity 
calculation requires the knowledge of the exact propagators for the tensor mode 
fluctuations in this background which we derive explicitly in the light-cone gauge. 

2 Spacelike branes in PPiq 

The PPiQ background is given by (see appendix A.l for more details on our con- 
ventions) : 

ds^ = 2dx'^dx~ - n^x^x^dx'^Y + dx^dx^ 
Ri++j — —/J'^Sij = 8//^ 

-^+1234 = -^+5678 = 4// (2.1) 

where / = 1 ... 8. The Ramond-Ramond background breaks the S0{8) acting on 
the x^ to SO{4:) X 5'0'(4), the first factor acting on x*, i — 1 . . A and the second 
one acting on a;* , i' = 5 . . . 8. Denoting a spacelike D-branc with ni worldvolume 
directions along the and n worldvolume directions along the by {m,n), the 
branes preserving half of the kinematical and half of the dynamical supersymme- 
tries are of the type (m, m + 2) (or, equivalently, (m -|- 2, m)) with m = 0, 1 or 2 
[14, 11]. Hence we are to consider Dl, D3 and D5-branes. These are to be placed at 
the origin of the 5*0(4) x SO' (4) directions in order to preserve the aformentioned 
supersymmetries. We will calculate the interaction energy between pairs of (anti-) 
D-branes separated along the x~^, x~ directions. 
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2.1 String calculation 



The string theory calculation of the interaction energy between a pair of D-branes 
of the same dimension was performed in [21]; we will briefly review it here in order 
to extract the contribution from the lowest lying string modes. 

We would like to perform the string calculation in the open string loop channel 
to get a correctly normalized amplitude. However, in the standard light-cone gauge 
X'^ — p-T, are automatically Neumann directions. We can remedy this by 
using a nonstandard light-cone gauge for the open string [21, 22] in which X^ 
are Dirichlet directions. Here, one quantizes the open strings stretching from one 
brane to the other in the gauge 




where r+ is the brane separation along the coordinate and a is the worldsheet 
coordinate, a G [0, vr]. The Virasoro constraints then determine X" to be a Dirich- 
let direction as welP. In this gauge, the worldsheet action contains eight massive 
bosons and fermions with mass 

m = . 

TT 

The interaction energy between branes can be written as 

ET = 2 • ^iTr (-l)^Mn(Lo - ie) 

POO fjc 

^ i / "±T^(-l)Fs^-i{Lo-ie)s /2.2) 

Jo s 

where Fs is the spacetime fermion number and the trace is taken in the space of 
open string states stretching between the branes. Lq is the generator of worldheet 
time translations and can be written as Lq = p^H^'^ with H^'^ the light-cone Hamil- 
tonian. In writing (2.2), we chose to work in Lorentzian signature for spacetime 
with a suitable it prescrition [33, 34]. 

For a Dp-brane interacting with an anti-Dp-brane, Lq receives a contribu- 
tion from the separation from the strings being stretched along the transverse 
directions a;"*", x~ and contributions from harmonic oscillators with frequencies 
ujk = sign.{k)\/k'^ + m^, where k is integer for the bosonic oscillators and half- 
integer for the fermionic ones. The resulting interaction energy is 

E.^,, . , f ,n...)3-. \ (2.3, 

^Notc that this gauge is consistent with the Virasoro constraints only if the worldsheet is 
Euclidean [22]. 
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where we have defined modified /-functions as in [21]: 

fi'^\q) = ?-^-(l-n^n(l-?^^) . (2-4) 

n=l 

oo 

ft\q) = ?-^-(l + g'^)^n(l + ?^™) ' (2-5) 

n=l 

!t\q) = q-^-V^U^q^-'^^-'I'A , (2.6) 



n=l 

oo 



UO f \ 

= g-^^ n / l_5V-^+(n-l/2)^) ^ (2.7) 
n=l ^ ^ 

and Am and are defined by 

1 °° /-oo 



OO 

A' = 



<f-V.e-'--V.. (2.8) 

For two parallel Dp-branes, the harmonic oscillator frequencies are cuk with k inte- 
ger for both the bosons and fermions. The fermionic "zero-modes" have frequency 
m and give a nonzero contribution to the interaction energy. The result is 

Edp-Dp = i r ^^e"'""(^) (2zsin7rms)3-^' (2.9) 
Jo s 

The large distance behaviour of (2.3) and (2.9) comes from the leading be- 
haviour of the integrand for small s. This can be extracted using the modular 
transformations 

ft\s) = fi^\-l/s) , ft\s) = ft\-l/s) , ft\s) = ff\-l/s), 

(2.10) 

where 

m = ims . (2-11) 

This gives the leading behaviour 

Edp^dp = -{^Ti^a'f-P{27ir-y-^n^-P cot^ /ir+r(3 - p) + . . . 

Edp-Dp = -(47r2a')='-n27rr-)^'-V~^r(3-p) + ... (2.12) 

The expression in the first line diverges in the flat space limit /i 0; this is the 
standard divergence due to the infinite volume of the brane. We can separate out 
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the volume factor by rewriting the result in terms of the integrated propagator 
lQ~^{r''^ ,r~) over the worldvolumc directions with the remaining transverse pp- 
wave coordinates set to zero (see in (A. 12)): 

E^.^,_r>p = -47r(47rV)=^-^cosVr+/r^(r+,r-) + ... 

Edp-Dp = -47r(47rV)=^-PsinVr+/o"^(r+,r-) + .... (2.13) 

One recovers the correct flat space expression [1] as — > taking into account 
that, from (A.8), 

lim/o"^(r+,r") = Vp+iGo"^(r+, r") 

where Vp+i is the divergent D-brane volume and GQ~^{r~^ ,r~) stands for the 
Minkowski space scalar propagator integrated over the worldvolume directions. 

2.2 Field theory calculation 

We will presently see how the long-range potentials (2.13) are reproduced exactly 
from the type IIB supergravity action (A.l) supplemented with D-brane source 
terms 

Sp = -Tpj d^'+ix^e^* + ^ipj (2.14) 

where g stands for the induced metric on the worldvolume and Tp and jip are 
the brane tension and RR charge respectively. In appendix A.l we expand the 
bulk action to quadratic order in the fluctuations around the PPw background, 
adopting the light-cone gauge for the fluctuations. The resulting action is a sum 
of decoupled terms characterized by an integer c: 

S^ = j^j d^^xij\U - 2incd-)ip. (2.15) 

In general, is in a tensor representation of SO{A) x SO'{A) and a contraction of 
tensor indices is understood. The decoupled fields ■0, their values of c and their 

5*0(4) X 5*0' (4) representations are given in the appendix in table 1. Expanding 
the source action (2.14) to linear order in the fluctuations we get source terms for 
the components ipa of th^ form 

^source = / d}"" X d^'^ix - Xq) A;(V'a + 6^) (2-16) 

where is a constant proportional to either Tp or ^p and e = ±1. The contribution 
of such a mode to the interaction energy can then be written in terms of the 
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integrated propagator and the constants (c, k, e). For example, if i/j is an 5'0(4) x 
SO' (A) singlet one gets a contribution to the interaction energy 



(2.17) 



When is in a tensor representation 5*0(4) x 5*0' (4), this expression can get an 
extra overall factor from the fact that one has to use a propagator with the right 
symmetry properties. 

2.2.1 Dl-brane 

We can take the worldvolume along the directions x^,x'^. The source terms are 
given by 

-^source — "^(^11 + ^22 ~ 0) i A*lOl2 

= '^{hi, + h^2) + '^{H + H)-'^^+'^h± ^(G,, + G,,) 

where the upper (lower) sign applies to a brane (antibrane) source. The factors of 
i multiplying the tension arise because —g is negative for spacclikc brancs. The 
trace h doesn't propagate in the light-cone gauge. The constants (c, k, e) for the 
other source terms are summarized in the following table: 





"■111 "'22 


H 





Gl2 


{c,k,e) 




(4,^,1) 


(o,-f^,i) 


(2,^,1) 



Summing up all contributions to the interaction energy gives 

2 



E = -Ak' 



8 



3, 
8" 



— ^ cos 4/xr+ + =F ^ cos 2//r+ 



(2.18) 



where the upper (lower) sign applies to the brane-brane (brane-antibrane) system. 



2.2.2 D3-brane 

We take the worldvolume directions to be . The source terms are 



= -Y (^11 + ^22 + ^33 + ^55) + A*3Cll235 



= ^(^n + h^2 + hi, + hi,) + !^(i/ + ^) + 1/, ^ 'J^[H,, - ^45) 
These give the following interaction energy contributions 





"ll- "22 • ";«• "55 






(c, k, e) 




(4,^,1) 


(2,^,-1) 



The total is 



8^8 



m2 

=F ^ cos 



/o^(r+,r-) 



(2.19) 



2.2.3 D5-brane 

The calculation is the same as for the Dl-brane due to S-duality invariance of 
the type IIB supergravity action and the fact that the PPio background is also 
S-duality invariant. The end result is again 

/o^(r+,r-) (2.20) 



^ cos 4//r+ + =F ^ cos 2//r"'" 
8 8 2 



2.2.4 D-brane charges and tensions 

Comparing the string calculation (2.13) with the field theory results (2.18, 2.19, 
2.20) we find agreement only if the charges and tensions are equal and their nu- 
merical value is the same as in Minkowski space [1]: 

Tl = ^l= ^ J p=l,3,5. (2.21) 

To see this, one has to use the trigonometric identities 

4 1.31^ 
cos — -z cos 4x -I- - + - cos 2x 
8 8 2 

4 1 3 1 , , 

sin X = -cos 4a; -I cos 2a;. (2.22) 

8 8 2 ^ ' 

These identities in a sense encode the equivalence between the open- and closed 
string descriptions and were instrumental in proving Cardy's condition for bound- 
ary states in [21]. 



3 Spacelike branes in PPg x 

Our conventions for the PPq x coordinates and background fields are (see 
appendix A. 3 for more details) 

ds^ — 2dx'^dx'' — ii^{zz -\- ww){dx'^Y + dzdz -\- dwdw -\- dx"'dx"' 
1 2 1 2 2 

F+zz — F^wyj — i/j, (3.1) 
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The allowed D-branes in PPq x were classified in [16]. Here, we restrict atten- 
tion to spacelike branes with worldvolumes lying in the PP^ part of the geometry. 
Branes with worldvolume directions along the (and their tensions) can be ob- 
tained by applying T-duality along the R directions. Denoting by (m, n) a brane 
with m directions along the U{1) and n directions along U'{1), the branes preserv- 
ing half the kinematical and half the dynamical supersymmetries are of the type 
(m, m) with m — 1,2. This leaves the Dl and D3 branes to be considered. Su- 
persymmetry requires that the Dl-brane be placed at the origin of the transverse 
U{1) X U'{1) directions. 

3.1 String calculation 

The string theory calculation of the interaction energy proceeds as in the PPio 
case. After fixing a non-standard light-cone gauge, the worldsheet action for strings 
stretching between branes contains four massive bosons and fermions with mass 

m = 

TT 

as well as four massless bosons and fermions. The interaction energy between a 
Dp-brane and an anti-Dp-brane is given by the open string one-loop amplitude 

Ed,-d,-iI e y(2zsm7rm.) [j^^^ j [jW^^ ) 

(3.2) 

The leading contribution comes from massless exchanges and is given by 

Edp-Dp = -47r(47r2a')^"''cosVr+/o"''(r+, r-,r") (3.3) 

where lQ~^{r~^ , r~ ,r^) stands for the scalar propagator integrated over p+1 longi- 
tudinal D-branc directions with the remaining transverse pp-wave coordinates set 
to zero (sec (A. 20)). We again observe that (3.3) reduces to the correct fiat-space 
expression [1] as — > 0. 

Contrary to the PPio case, the interaction energy between two parallel branes 
in PPq X R is zero: 

Edp-Dp = 0. (3.4) 

This follows immediately from the fact that an open string stretching between the 
branes has four actual (meaning zero-frequency) fermionic zero modes. 
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3.2 Field theory calculation 



In appendix A. 3 we expand the bosonic type IIB action around the PPq x 
background and identify the independent fluctuations. The field theory calculation 
of the interaction energy again reduces to a sum of contributions of the form (2.17), 
characterized by constants (c, k, e) which can be read off by writing the D-brane 
source terms in terms of the decoupled fields listed in table 2 of the appendix. 



3.2.1 Dl-brane 



We take the worldvolume directions to be x^,x^. Expressing the D-brane sources 
in terms of the decoupling fields in table 2 one gets the worldvolume Lagrangian 

Aource = -^(^11 + ^33 — 0) i A*lOl3 

= -^{h^^ + + Kw + hwiij + H + H + H' + H') + -^h 



^ \ zw ' z 



h: 



M~ -\- M -\- M 

zw ' ziD ' zw 



h: 



Hzw)- 



where the upper sign refers to a brane and the lower one to an anti-brane. The trace 
h does not propagate in the hght-cone gauge. The other fields give contributions 
of the form (2.17) to the interaction energy. These are summarized in the following 
table: 







H, H' 


H+ . H 

zw zw 




TT — 

zw 


(c, k, e) 


(0,^,1) 


(2,^,1) 


(0,Sf ,1) 


(2,^,1) 


(-2,^,1) 



where the upper sign applies to the brane-brane system and the lower sign applies 
to the brane-antibrane configuration. Summing all contributions, one gets the total 
interaction energy 



E = 



{cos 2 fir+ + 1)t /i?(cos2/ir+ + i; 



= -2k'[T^ T lij] cos^ nr+I^{r+, r", r") 



(3.5) 
(3.6) 



3.2.2 D3-brane 

The worldvolume directions . The source terms are 

xT 

-^source 

— (/ill + + /i33 + ^44) ± A^3«1234 

4 ' V2 2 
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The contributions to the interaction energy are summarized in the following table: 





H, H' 


Ho 


G, G' 


Go 




(2,^,1) 









Summing all contributions, one gets the total interaction energy 

E = -2K2[T|(cos2//r+ + l)T/i3(cos2//r+ + l)]/o^(r+,r-,r") (3.7) 
= -2«2[T32^/i2]cosVr+/o'(r+,r-,0 (3.8) 

Again, the upper sign applies to the brane-brane system and the lower sign applies 
to the brane-antibrane configuration. 



3.3 D-brane charges and tensions 

Comparing the results (3.3) and (3.4) of the string calculation with the field theory 
results (3.6) and (3.8), we find the value of the D-brane charge and tension: 

(3.9, 

These values are again the same as in Minkowski space. 



4 Timelike Branes 

In this section we will argue that interactions between timelike D-branes that ex- 
tend along the x^, directions in a plane wave geometry are the same as in 
Minkowski geometry. This is a consequence of the fact that these branes pre- 
serve translation invariance in the direction. Similar results hold for orientifold 
planes. 

For definiteness, we illustrate this in the PPg x -^^ background and comment 
on the generalization to other pp-wave backgrounds at the end of this section. Let 
us consider a brane-brane or a brane-anti-brane pair in this background separated 
along the i?^ directions. Prom the point of view of the low-energy effective field 
theory, the long-range interaction potential comes from the exchange of massless 
modes between the branes. The Feynman propagator Gc{xi,X2) of such modes is 
given by (see (A. 17)) 

^ r dp+dp.d^Pa e<^+(^^-^^)+^-(^r-^2)+PaK-^g))^(MP-)(a;A)^(^^p„)(^A^ 
^ J (27r)6 2p+p_ + jip^ T,i{ni + |) + 2c//p_ + paPa - ie 
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In calculating the interaction energy between a pair of branes, we have to integrate 
(A. 8) over the worldvolume directions which include x~[,X2- This gives a delta 
function for hence the result is independent of fi. We recover the flat space 
result for the interaction energy (times the interaction time): 

ET = 2^{T^ T /.J)G'9-p(r'^)yp+i. (4.1) 

A similar argument can be made for the exchange of massive modes, which shows 
that the full brane-antibrane interaction potential is the same as in Minkowski 
space. In the language of boundary states"^, The interaction energy, say, between a 
brane and an anti-brane is given by the overlap {Dp\A\Dp) where A is the closed 
string propagator and \Dp), \ Dp) are the boundary states. Since the boundary 
states satisfy p_\Dp) — p_\Dp) — 0, the closed string propagator is projected on 
the p_ = subspace and these states propagate as in flat space. 

It is instructive to see how the same conclusion follows from a calculation in 
the open string picture. This, in some sense, is the natural picture to use for 
timelike branes since the open strings can be quantized in the usual light-cone 
gauge X+ = p_T. In this gauge, the coordinates automatically obey Neumann 
boundary conditions [14]. The brane-antibrane interaction energy is given by 

ET = iV^_ r / ^^±^e-'^a'^sp,P-z^s, f,p_) (4.2) 

Jo s J zTrr 



where 

Z{s,fip.) = Tr{-iy^q 



lft:!Ml±M 



q^(2ismn^^p.sr-^ 1 7(.p-) /(O) I • (4-3) 



The function Z{s, HP-) is the partition function for a combined system of four 
massive scalars and fermions with mass /ip- and four massless scalars and fermions, 
with appropriate boundary conditions. Returning to (4.2), we see that the p+ 
integral yields a delta function. Integrating over p_ we find 

ET = iV+f |^^(s,0). (4.4) 

In particular, using a modular transformation to extract the small s behaviour of 
the integrand, one finds the dominating contribution for widely separated branes 

ET = 47r(47r2a')('-^Vp+iG'9_p(r") + . . . . (4.5) 



^Thc only subtlety here is that one has to quantize the closed string in a nonstandard light- 
cone gauge in order for the coordinates to have the right boundary conditions [21]. 
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Comparing with (4.1) we find 



which is indeed the fiat-space value [1]. 

Similar results hold for the interactions between timelike orientifold planes, and 
between orientifold planes and D-branes in PPq x i?^ . This can be argued from 
the fact that the crosscap state is annilated by p_ or, in the open string picture, 
from the fact that the interaction energy is again of the form (4.2) but with a 
different function Z{s,fip_) [24, 25]. Hence the tadpole cancellation conditions for 
timelike orientifolds in PPq x are the same as in Minkowski space. The above 
argument shows that not only the massless tadpoles but the one point functions 
on a disk of even the massive string modes take the same value as in Minkowski 
space. 
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A Massless modes and propagators in PPq and 

PPio 

In this appendix we obtain the Lagrangian and the propagator for the bosonic 
massless supergravity modes in the pp-wave background. The starting point is the 
bosonic part of the type JIB action in the Einstein frame: 



2-3! 



1 

2' 



ill 

2-3! 4-5! 



yl[4] A i/f.si A Ff 



[3] ^^^[3] 



(A.l) 



where F^2n+i\ = c^^[2n], H^z] = dB[2\ and 



Afni A Hi 



[3] 



-^[5] = Fi5]- -Ai2] A if[3] + -S[2] A F[3] 



(A.2) 



In the following we will expand the action around the PPq and PPio backgrounds 
to quadratic order in the fluctuations 
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A[2n] A[2n]+a[2n]- (^-3) 

It's convenient to split the metric fluctuations into a trace part h and a traceless 
tensor /i^^^. We adopt the light-cone gauge for the fluctuations: 

= = o_^,...^2n-i = 0. (A.4) 

In this gauge, after shifting the fields with a + index, one finds that h, /i^^, 6+^^ 
and a+^^...^2n-i decouple. This situation is familiar from the light-cone gauge in 
Minkowski space (see e.g. [36]). Hence the only propagating fields are the trans- 
verse modes hjj, hij, a/i.../,„ ; /, J, . . . = 1 . . . 8. In the presence of general sources, 
the gauge-fixed Lagrangian contains Coulomb-like terms as a result of shifting the 
fields. In the cases we consider, these are absent because spacehke branes do not 
provide a source for the fields with a + index. 

A.l Massless modes in PPio 
We use the following index conventions: 





. = 0,...,9 


SO (9, 1) vector indices 


7,J,. 


.. = 1,...8 


SO (8) vector indices 




.. = 1,...4 


SO (4) vector indices 




. . = 5,...8 


SO' (4) vector indices 



(A.5) 

The nonvanishing PPiq background fields are given by 

Ri++j = —i^^^ij R++ = 

-^+1234 = -^+5678 = 4/i (A. 6) 

In light-cone gauge, the 5*0(4) x SO' (A) subgroup of the background symmetry 
group is manifest with and a;* transforming as vectors under 5*0(4) and 5*0' (4) 
respectively.. Expanding the action (A.l) around this background to quadratic 
order one can organize the fluctuations into (complex) decoupled fields which 
transform in irreducible representations of 5*0(4) x 5'0'(4) [12]. We choose our 
normalizations so that each field ip contributes a term to the Lagrangian density 
of the form 

C = — ^(D - 2ificd_)^ (A.7) 
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( ' linear coiiil)iiiatioii 


(■ 


iiTcp 


"•i] \/2^ V kk) 

H = lihJi + j^aijkieijki) 

Hii' — h^i' + ^O-i'jkl^ijkl 
Gi'j' = -^(^i'j' + -^^^i'j'k'l'bk'l' 

bif 

Qif 






4 
2 
2 
2 





(9 1) 

(1,9) 

(1,1) 
(4,4) 

(6,1) 

(1,6) 

(4,4) 

(4,4) 

(1,1) 



Table 1: Decoupled massless fields in PPio . 



where contractions of the SO{A)xSO'{A) indices are implied where appropriate and 
the bar denotes complex conjugation. The operator □ = 2c?+c?_ + /I'^x^x^d^ + djdj 
is the scalar Laplacian in PPio and c is an integer. The results needed for the 
calculation of the D-brane tensions are summarized in table 1. It displays the 
fields ip, their definition in terms of the original fluctuations (A. 3), their value of c 
and their irrep of 5*0 (4) x SO' (4). 

A. 2 Massless propagators in PPio 

We will also need the Feynman propagator Gc{xi, X2) corresponding to the operator 
□ — 2i/ic9_. It can be written as 

(A.8) 

Here, n = (ni, n2, ■ ■ ■ , Ug), and tjj^^^^ is a product of normalized harmonic oscillator 
eigenfunctions satisfying {—didj + m^)ijj^^ = 2m{J2i'ni + l/2)t/j^\ Introducing a 
Schwinger parameter s and performing the discrete sums and the p+, p_ integrals 
one gets 

G,{x^,X2) = e'"''^Go{x^,X2) 

with 



with 




= 2r+r" + ((x{x{ + xlxi) cos /xr+ - 2x{xC\ . (A.IO) 

sin /xr+ ^ ^ 
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and we have defined = — X2- The quantity a is proportional to the invariant 
distance squared 

a = — — -$ 

sm 

The integral in (A. 9) can be performed to give 

3 



Go{xi,X2) = 



27r5($ + ie)4 



in agreement with [35, 22]. The limit fi ^ yields the Feynman propagator in 
Minkowski space. In the calculation of D-brane interaction energies, we will need 
the integrated propagator I^~^{r^ ,r^) over p + 1 longitudinal x^ directions with 
the transverse x^ set to zero. Prom (A. 9) one gets 

ltP{r+,r-) = e'^^'^^I^-^'ir+^r-) (A.ll) 

^ 1 e«cMr-+(^![!l)!:V2r(3-p). (A.12) 
47r sin /xr+ 

A. 3 Massless modes in PPq x i?^ 

We use the following index conventions: 

/I,!/, ... — 0, ... ,9 SO (9, 1) vector indices 

/, J, . . . = 1, . . . 8 SO (8) vector indices 

i.j, . . . = 1, 2 U(l) vector indices 

i', f , . . . — 3,4 U'(l) vector indices 

a,6, ... = 5,...,8 SO (4) vector indices (A.13) 

It is convenient to work with complex coordinates z, w instead of and x^' : 

z = x^+ix'^ (A. 14) 

w = x^ + ix'^ (A. 15) 

The nonvanishing PPq x background fields are then given by 

ds^ — 2dx'^dx~ — ii'^{zz + ww){dx'^Y + dzdz + dwdw + dx"'dx"' 

F+u,w = ilJ' (A. 16) 



+ZZ 



In light-cone gauge, the U (1) xf/'(l) xS'0(4) subgroup of the background symmetry 
group is manifest with z and w carrying charge -1 under U (1) and U'{1) respectively 
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I ' linear eoiiil)iiiatioii 


(■ 


irrep 


h 

'''ZZ 






n 


-•■(2,0) 


U 

"-WW 




''WW 


n 

u 


-■-(2,0) 


"'ab 




^\"'ab ^ '^abK'l'zz ^ "'ww)) 





(OiOj 








n 

W 


6(0,0) 


zw 




2(h^ ±a-,,) 

\ ZW ^ZW J 


n 
u 


-■-{1,1) 






2{hl^±az^) 
V2ihl + hl^) + j^<j) 


±2 


1(1-1) 


Ho 







1(0,0) 


H 




2hl, - 10 + 2a,-z 


2 


1(0,0) 


H' 




2^uitD 2^ ^" 2(l^yj 
V2{Kz±aaz) 

V2{hl^ ± aaw) 


2 


1(0,0) 


Htz 




Tl 


4(1,0) 


Ht 




Tl 


4(0,1) 


Go 




'^{O' '^O'zzww^ 





1(0,0) 


G'o 




-iy/2{bzz - b^u,) 





1(0,0) 


G 




V2{bzz + by,u,) + 73(0 + ^azzww) 


2 


1(0,0) 



Table 2: Decoupled massless fields in PPq x . 



and transforming as a vector under SO (4) . We can again organize the massless 
modes into decoupled fields which transform in irreps of C/(l) x C/'(l) x SO {A) and 
whose contribution to the action is characterized by an integer c as in (A. 7), where 
the scalar Laplacian is now □ = 2d+d- + fi'^{zz + ww)d'^ + 4:dzdz + 4:dwdw + dada- 
The results of this heartwarming calculation are summarized in table 2. It displays 
the fields ip, their definition in terms of the original fluctuations (A.3), their value 
of c and their irrep of C/(l) x U'{1) x S'(9(4). We use the notation d(q,q/) for the 
d-dimensional representation of 5*0(4) with charges {q,q') under U{1) x U'{1). 



A. 4 Massless propagators in PPq x i?^ 

The Feynman propagator Gc{xi, X2) corresponding to the operator □ — 2i//c9_ can 
be written as 



-I 



(27r)6 2p+p_ + T,A{nA + ^) + 2cfj,p^ + PaPa - ie 

(A.17) 

Here, A = 1 . . . 4, n = (721,^2,71-35^4) and ijj^^ is a product of harmonic oscilla- 
tor eigenfunctions satisfying {—didi — di'di' + m^)-;/'^^™) = 2m(J2A^A + 1/2)'?/'^™-'. 



18 



Introducing a Schwinger parameter s and performing the discrete sums and the 
p+, p_, Pa integrals one gets 

with ^ 

Goixi,X2)^t(-^] rTT^e-^ (A.18) 

with 

and we have defined = xl — X2- In the calculation of D-brane interaction ener- 
gies, wc need the integrated propagator, denoted by /g"^' p + 1 longitudinal 
D-brane directions (which we take be a subset of the pp-wave directions x^,. . .x^) 
and with the remaining pp-wave coordinates set to zero: 



7^^'(r+,r-,r") = e'"!"'^ it^ir^ .r' .r") (A.19) 
47r sin^ //r 



^icr^ K'^' >^^j^;_j r(3-p) (A.20) 



where = 2r"'"r -|- r"r". 
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